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Let G be the set of TU cooperative games with space of players
N =A{1,...,n}.

For every s : 1,...,n, let
Gs={v e G |v(S)=0if |S]| # s};

we think of the elements in G4 as “team games” with s players.

Problem. We want to divide an amount ¢ in a “fair” way, among the
players in a team game. One wants that each player’s share depends
on his performance, although we take into account only the coalitions’
performance.
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CIMAT By a solution on (v,¢) € G, ® R we mean a function
v:G, QR — R".

Example 1. We could see the bankruptcy game [c, x| as an element
(z,c) of G ® R, where v({i}) = x;.

Example 2. A Market with m sellers and n buyers.
M set of sellers.
N set of buyers.
1 product.
Assumption: m <n

. .4y | 1 2 seller and 5 buyer
v({6: 1) = { 0 otherwise
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Example 3. Assignment Game (Shapley and Shubik). Market in
private homes.

m sellers.

n buyers.

c¢; the value that seller gives to his house .

hi; the value that buyer j gives to the house <.
For a seller ¢ and buyer 7,

U({Z,]}) — maX{O, hz’j — Cz’} = Q.-



Example 4. When a traveler purchases a Europass he can choose
to visit a subset of s countries (where s = 3,4 or 5) from a set of N
European countries, to travel for a certain fix amount of days d. We
could think of a game (v, c) where v € Gy is such that v(S) = the
number of travelers (in a particular summer, say) that chose the set .S
of countries for his pass, and where ¢ is the total amount collected, at
the end of the period, from Europasses purchased.

Then a solution
0: G, &R - RY
will assign to (v, c) the vector (v, c) where @;(v,c) is the amount
that corresponds to country j.



CIMAT  Example 5. (Poker)
N =A1,...,52} set of cards.
S vs T with |S| = |T| = 5.
v(S) = Expected value.

@;(v,0) value of card j.



Proposition 1. The space of linear, symmetric solutions
v:Gs PR —-R"
15 3-dimensional. Moreover, their general expression is given by

(2.1) wi(v,c) = ac+ﬁZv(S) —VZU(S)
So1 SHi
for arbitrary o, 5,7 € R and 1 € N.



CIMAT Definition 1. (Efficiency Axiom) The solution ¢ : Gy &R — R”
15 said to be efficient if

o(v,c)- 1, =c.

Teorema 1. The space of linear, symmetric solutions ¢ : G4 H
R — R" that are also efficient is 1-dimensional. Their general
expression 18 given by

o) = Can [ Uy US)

n ‘ S N — S
Si SHi

for arbitrary A € R.



CIMAT  For every € R, let

sran | x(S) if|S| =s
z(5) = { 0 otherwise

where (S) = ) . ;.

Definition 2. (Naturalness Axziom) The solution ¢ : GsHR — R”
15 said to be natural if

for every x € R".



Teorema 2. There exists a unique solution v : G, @ R — R”
which s linear, symmetric, efficient and natural. It is given by

oo = £+ Mt | 5 )

" (9) | 53i 5 S#i v O

Remark The formula for the unique linear, symmetric, efficient
and natural solution, v, on G, ® R takes the form:

Y(v,c) = % 1, + (n — 1)Sh(v).

Let us suppose that the amount to be share is equal to the sum of
all the worth’s coalitions, then it results reasonably that every player
gets the proportional part of what he help to generate. So,



Axiom (Collectability) We say that o satisfies the collectable az-
om if

oo, Y u(s) = 32 1)
S

NEY)

Teorema 3. There exist a unique linear, symmetric, efficient and
collectable solution, @, on G5 D R. Furthemore it takes the form:

e DI g
= S%i
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CIMAT 3.

e There is a 3-dimensional space of solutions ¢ : G; & R — R" for
the bankruptcy problem. The general expression is given by

wi(x,c) = ac+ Br; — VZ%
kot
e There is a 1-dimensional space of linear symmetric and efficient
solutions given by
c 7 _
wi(x,c) = m + A(z; — T)
where x is the average of the coordinates of x.
e There exists a unique bankruptcy solution which is linear, sym-
metric, efficient and natural. It is given by

C _
oi(r,c) =—+z,— =
n
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The solution of theorem 2 takes the following form,

DWW

JF

D.

The solution is: (1,0,0) the only imputation in the core.
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ij(va O)

0.236083

0.128311

0.066628

0.029374

0.005330

-0.012679

-0.027257

-0.040026

-0.051830

-0.063794

-0.076991

-0.090044

M| ol x| O | | 00| O] 5| || | [~

-0.103109
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